In this study we consider general linear second-order partial differential equations and we solve three fundamental equations by replacing the non-homogeneous terms with double convolution functions and data by a single convolution.
Introduction
The wave equation, heat equation and Laplace's equations are known as three fundamental equations in mathematical physics and occur in many branches of physics, in applied mathematics as well as in engineering. It is also known that there are two types of these equations: The homogeneous equations that have constant coefficients with many classical solutions such as by means of separation of variables (see [1] ), the method of characteristics (see [2, 3] ), the single Laplace transform and the Fourier transform (see [4] ); and the non-homogeneous equations with constant coefficients solved by means of the double Laplace transform (see [8] ) and operation calculus (see [5] [6] [7] ).
In this study we use the double Laplace transform to solve a second-order partial differential equation. In special cases we solve the non-homogeneous wave, heat and Laplace's equations with non-constant coefficients by replacing the nonhomogeneous terms by double convolution functions and data by single convolutions.
For example, we prove that if F 1 , F 2 , . . . , F i are solutions of non-homogeneous equations with constant coefficients and G 1 , G 2 , . . . , G i are solutions of non-homogeneous equations with non-constant coefficients then
where the non-constant coefficient is a polynomial in the form of
i . Now we consider a linear second-order partial differential equation with constant coefficients
and an equation with non-constant coefficients of the following form:
where the symbol * * means double convolution (see [5] ) and a, b, c, d, e and f are constant coefficients. In this study we consider that Eq. (1.1) has a solution on using the Laplace transform and Eq. (1.2) also has a solution on using the double Laplace transform; further the inverse double Laplace transform exists. We note that all three fundamental equations with constant coefficients are particular forms of Eq. (1.1). In the following sections we will discuss the solution for three fundamental equations with non-constant coefficients where the nonconstant coefficients are produced by convolution of a polynomial.
Wave equation and double Laplace transform
Consider the following non-homogeneous wave equation with non-constant coefficients in one dimension:
where k(x, t) is polynomial as defined above and the boundary conditions are given by
where the non-homogeneous terms of Eq. 
Now we assume that the inverse double Laplace transform for Eq. (2.4) exists; then one can obtain a solution of Eq. (2.1) as follows:
where we assume that the double inverse Laplace transform exists for each term in the right hand side of Eq. (2.5). Now we let F(x, t) be a solution of
and further we consider G(x, t) as a solution of
Then F(x, t) satisfies Eq. (2.6):
and similarly G(x, t) satisfies Eq. (2.7):
(2.9)
Now we can easily check weather F(x, t) * * G(x, t) is a solution or not for Eq. (2.6). By substitution we obtain
(2.10) on using the partial derivative of the convolution; the left hand side of Eq. (2.10) follows:
and then Eq. (2.10) can be written in the form
(2.12)
Now by substituting Eq. (2.9) into (2.11) and Eq. (2.8) into (2.12), we have
(2.14)
and thus we can easily see from Eqs. (2.13) and (2.14) that the convolution F(x, t) * * G(x, t) is not a solution for Eq. (2.6) in general; however it is a solution for another type of equation as in the following theorem.
Theorem 1. If F(x, t) is a solution of
under the initial conditions 
under the same conditions, then the convolution F(x, t) * * G(x, t) is a solution of
u tt (x, t) − u xx (x, t) − h(x, t) = n i=1 f i (x, t) * * g(x, t) (x, t) ∈ R 2 + (2.
Proof. Since F(x, t) is solution of Eq. (2.15) then
is also true and then by substitution we have
and on using the partial derivative of the convolutions we obtain 
( 2.23) This shows that the convolution F(x, t) * * G(x, t) is a solution of Eq. (2.17).
In the next part we apply a similar technique to non-homogeneous one-dimensional heat equations and Laplace's equation.
Heat equation and double Laplace transform
Consider the non-homogeneous heat equation in one dimension in a normalized form:
where k(x, t) is a polynomial as defined above under initial conditions
By using the double Laplace transform for Eq. (3.1) and the single Laplace transform for Eq. (3.2) we can obtain
and similarly if we take the inverse double Laplace transform for Eq. (3.3) with respect to s, p, we obtain the solution of (3.1) in the form
provided that the double inverse Laplace transform and inverse double Laplace transform exist for Eqs. (3.3) and (3.4) respectively; then we have the following theorem.
Theorem 2. If F(x, t) is a solution for
and if G(x, t) is a solution for
The proof of this theorem is similar to the above proof of Theorem 1.
Laplace equation and double Laplace transform
Similarly, considering the non-homogeneous Laplace's equation with non-constant coefficient in two dimensions as follows:
where k(x, y) is polynomial as defined above under the condition
we can then easily deduce the following theorem without proof.
Theorem 3. If F(x, y) is a solution of
under the boundary conditions Note that if we take a particular example of a two-dimensional Laplace's equation using data similar to those used in previous theorems we get the similar result, that is the solution of the non-constant coefficient equation in the form k(x, y) * * (W xx + W yy ) = u xx + u yy + Ψ (x, y).
Thus we note that the PDEs with the non-constant coefficients (polynomials), in particular, the heat, wave and Laplace's equations, give similar results when we use the same initial, boundary conditions having non-homogeneous terms as convolutions.
